We propose a method for computing n-time correlation functions of arbitrary spinorial, fermionic, and bosonic operators, consisting in an efficient quantum algorithm that encodes these correlations in an initially added ancillary qubit for probe and control tasks. For spinorial and fermionic systems, the reconstruction of arbitrary n-time correlation functions requires the measurement of two ancilla observables, while for bosonic variables time derivatives of the same observables are needed. Finally, we provide examples applicable to different quantum platforms in the frame of the linear response theory.
2i [A(t), B(0)] such that A(t)B(0) = C(t) + i D(t)
. According to the quantum mechanical postulates, there exist two measurement apparatus associated with observables C(t) and D(t). In this way, we may formally compute A(t)B(0) from the measured C(t) and D(t) . However, the determination of C(t) and D(t) depends non trivially on the correlation times and on the complexity of the specific time evolution operator U(t). Furthermore, we point out that the computation of n-time correlations, as Ψ|Ψ = Ψ|U † (t)AU(t)B|Ψ , is not a trivial task even if one has access to full state tomography, due to the ambiguity of the global phase of state |Ψ = U † (t)AU(t)B|Ψ . Therefore, we are confronted with a cumbersome problem: the design of measurement apparatus depending on the system evolution for determinating n-time correlations of a system whose evolution may not be accessible. To our knowledge, a general formalism to attack this problem is still missing, while alternative algorithmic strategies [30] may be considered.
In this Letter, we propose an efficient quantum algorithm for computing general n-time correlation functions of an arbitrary quantum system, requiring only an initially added probe and control qubit. Moreover, our method is applicable to a general class of interacting spinorial, bosonic, and fermionic systems. Finally, we provide examples of our protocol in the frame of the linear response theory, where n-time correlation functions are needed.
Assume that we are provided with a controllable quantum system undergoing a given quantum evolution described by the Schrödinger equation
We are going to design a protocol for the efficient measurement of generalized n-time correlation functions of the form φ |θ n−1 (t n−1 )θ n−2 (t n−2 )...θ 1 (t 1 )θ 0 (t 0 )|φ , where 2 θ n−1 (t n−1 )...θ 0 (t 0 ) are certain operators evaluated at different times, e.g. θ k (t k ) = U † (t k ;t 0 )θ k U(t k ;t 0 ), U(t k ;t 0 ) being the unitary operator evolving the system from t 0 to t k . For the case of dynamics governed by time-independent Hamiltonians,
. However, our method applies also to the case where H = H(t), and can be sketched as follows. First, the ancillary qubit is prepared in state 1 √ 2 (|e + |g ) with |g its ground state, as in step 1 of Fig. 1 , so that the whole ancilla-system quantum state is
(|e + |g ) ⊗ |φ , where |φ is the state of the system. Second, we apply the controlled quantum gate
, where, as we will see below, H 0 is a Hamiltonian related to the operator θ 0 , and τ 0 is the gate time. As we point out later, this entangling gate can be implemented efficiently with two Mølmer-Sørensen gates for operators θ 0 that consist in a tensor product of Pauli matrices [31] . This operation entangles the ancilla with the system generating the state
h H 0 τ 0 , step 2 in Fig. 1 . Next, we switch on the dynamics of the system governed by Eq. (1). For the sake of simplicity let us assume t 0 = 0. The effect on the ancilla-system wavefunction is to produce the state
|e ⊗U(t 1 ; 0)|φ + |g ⊗U(t 1 ; 0)Ũ 0 c |φ , step 3 in Fig. 1 . Note that, remarkably, this last step does not require an interaction between the system and the ancillary-qubit degrees of freedom nor any knowledge of the Hamiltonian H. These techniques, as will be evident below, will find a natural playground in the context of quantum simulations, preserving its analogue or digital character. If we iterate n times step 2 and step 3 with a suitable choice of gates and evolution times, we obtain the state Φ = (|e ⊗U(t n−1 ; 0)|φ + |g ⊗ U n−1 c U(t n−1 ;t n−2 )... U(t 2 ;t 1 )Ũ 1 c U(t 1 ; 0)Ũ 0 c |φ ). Now, we target the quantity Tr(|e g||Φ Φ|) by measuring the σ x and σ y corresponding to the ancillary degrees of freedom. Simple algebra leads us to
It is easy to see that, by using the composition property U(t k ;t k−1 ) = U(t k ; 0)U † (t k−1 ; 0), Eq. (2) corresponds to a general construction relating n-time correlations of system operatorsŨ k c with two one-time ancilla measurements. In order to explore its depth, we shall examine several classes of systems and suggest concrete realizations of the proposed algorithm. The crucial point is establishing a connection that associates theŨ k c unitaries with θ k operators. Starting with the discrete variable case, e.g. spin systems, and profiting from the fact that Pauli matrices are both Hermitian and unitary, it follows that
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We introduce the concept of embedding quantum simulators, a paradigm allowing the e cient quantum computation of a class of bipartite and multipartite entanglement monotones. It consists in the suitable encoding of a simulated quantum dynamics in the enlarged Hilbert space of an embedding quantum simulator. In this manner, entanglement monotones are conveniently mapped onto physical observables, overcoming the necessity of full tomography and reducing drastically the experimental requirements. Furthermore, this method is directly applicable to pure states and, assisted by classical algorithms, to the mixed-state case. Finally, we expect that the proposed embedding framework paves the way for a general theory of enhanced one-to-one quantum simulators. Entanglement is considered one of the most remarkable features of quantum mechanics [1, 2] , stemming from bipartite or multipartite correlations without classical counterpart. Firstly revealed by Einstein, Podolsky, and Rosen as a possible drawback of quantum theory [3] , entanglement was subsequently identified as a fundamental resource for quantum communication [4, 5] and quantum computing purposes [6, 7] . Beyond considering entanglement as a purely theoretical feature, the development of quantum technologies has allowed us to create, manipulate, and detect entangled states in di↵erent quantum platforms. Among them, we can mention trapped ions, where eight-qubit W and fourteen-qubit GHZ states have been created [8, 9] , circuit QED (cQED) where seven superconducting elements have been entangled [10] , superconducting circuits where continuous-variable entanglement has been realized in propagating quantum microwaves [11] , and bulk-optic based setups where entanglement between eight photons has been achieved [12] .
Quantifying entanglement is considered a particularly di cult task, both from theoretical and experimental viewpoints. In fact, it is challenging to define entanglement measures for an arbitrary number of parties [13, 14] . Moreover, the existing entanglement monotones [15] do not correspond directly to the expectation value of a Hermitian operator [16] . Accordingly, the computation of many entanglement measures, see Ref. [17] for lower bound estimations, requires previously the reconstruction of the full quantum state, which could be a cumbersome problem if the size of the associated Hilbert space is large. If we consider, for instance, an N -qubit system, quantum tomography techniques become already experimentally unfeasible for N ⇠ 10 qubits. This is because the dimension of the Hilbert space grows exponentially with N , and the number of observables needed to reconstruct the quantum state scales as 2
2N

1.
From a general point of view, a standard quantum simulation is meant to be implemented in a one-to-one quan- tum simulator where, for example, a two-level system in the simulated dynamics is directly represented by another two-level system in the simulator. In this Letter, we introduce the concept of embedding quantum simulators, allowing the e cient computation of a wide class of entanglement monotones [15] . This method can be applied at any time of the evolution of a simulated bipartite or multipartite system, with the prior knowledge of the Hamiltonian H and the corresponding initial state | 0 i. The e ciency of the protocol lies in the fact that, unlike standard quantum simulations, the evolution of the state | 0 i is embedded in an enlarged Hilbert space dynamics (see Fig. 1 ). In this case, antilinear operators, in particular those associated with a certain class of entanglement monotones, can be e ciently encoded into physical observables, overcoming therefore the need of full state reconstruction. The simulating quantum dynamics, which ...
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Step 2 (|e + |g ) generates the |e and |g paths, step 1, for the ancilla-system coupling. After that, controlled gates U m c and unitary evolutions U(t m ;t m−1 ) applied to our system, steps 2 and 3, produce the final state Φ. Finally, the measurement of the ancillary spin operators σ x and σ y leads us to n-time correlation functions.
where H m =hΩθ m , Ω is a coupling constant, and θ m is a tensor product of Pauli matrices of the form θ m = σ i m ⊗ σ j m ...σ k m with i m , j m , ..., k m ∈ 0, x, y, z, and σ 0 = I. In consequence, the controlled quantum gates in step 2 correspond to U m c Ωτ m =π/2 = exp (−i|g g| ⊗ Ωθ m τ m ), which can be implemented efficiently, up to local rotations, with two Mølmer-Sørensen gates [31] [32] [33] [34] . In this way, we can write the second line of Eq. (2) as
which amounts to the measured n-time correlation function of Hermitian and unitary operators θ k . We can also apply these ideas to the case of non-Hermitian operators, independent of their unitary character, by considering the linear superpositions of Hermitian objects as in Eq. (4). We show now how to apply this result to the case of fermionic systems. In principle, the previous proposed steps would apply straightforwardly if we had access to the corresponding fermionic operations. In the case of quantum simulations, a similar result is obtained via the Jordan-Wigner mapping of fermionic operators to tensorial products of Pauli matrices, [35] . Here, b † p and b q are creation and annihilation fermionic operators obeying anticommutation relations, {b † p , b q } = δ p,q . For trapped ions, a quantum algorithm for the efficient implementation of fermionic models has been recently proposed [34, 36, 37] . Then, we code
. Now, taking into account that σ ± = 1 2 (σ x ± iσ y ), the fermionic correlator b † p (t)b q (0) can be written as the sum of four terms of the kind appearing in Eq. (4). This result extends naturally to multitime correlations of fermionic systems. The case of bosonic n-time correlators requires a variant in the proposed method, due to the nonunitary character of the associated bosonic operators. In this sense, to reproduce a linearization similar to that of Eq. (3), we can write
with H m =hΩθ m . Consequently, it follows that
where the label (α, ..., β ) corresponds to spin operators and ( j, ..., k) to spin-boson operators. The right hand side is a correlation of Hermitian operators, thus substantially extending our previous results. For example, θ m would include spin-boson couplings as
The way of generating the associated evolution operator U m c = exp(−iΩθ m τ m ) has been shown in [34, 36, 38] . Note that, in general, dealing with discrete derivatives of experimental data is an involved task [39, 40] . However, recent experiments in trapped ions [14, 15, 41] have already succeeded in the extraction of precise information from data associated to first and second-order derivatives.
The presented method works as well when the system is prepared in a mixed-state ρ 0 , e.g. a state in thermal equilibrium [20, 21] . Accordingly, for the case of spin correlations, we have Tr(|e g|ρ) = (−i) n Tr(θ n−1 (t n−1 )θ n−2 (t n−2 )...θ 0 (0)ρ 0 ), 
We will exemplify the introduced formalism with the case of quantum computing of spin-spin correlations of the form
where k, l = x, y, z, and i, j = 1, ..., N, N being the number of spin-particles involved. In the context of spin lattices, where several quantum models can be simulated in different quantum platforms as trapped ions [11-13, 16, 42, 43] , optical lattices [10, 44, 45] , and circuit QED [46] [47] [48] [49] , correlations like (10) are a crucial element in the computation of, for example, the magnetic susceptibility [20] [21] [22] . In particular, with our protocol, we have access to the frequencydependent susceptibility χ ω σ ,σ that quantifies the linear response of a spin-system when it is driven by a monochromatic field. This situation is described by the Schrödinger equation ih∂ |ψ = (H + f ω σ l j e iωt )|ψ , where, for simplicity, we assume H = H(t) . With a perturbative approach, and following the Kubo relations [20, 21] , one can calculate the first-order effect of the perturbation acting on the j-th spin in the polarization of the i-th spin as
Here, σ k i (t) 0 corresponds to the value of the observable σ k i in the absence of perturbation, and the frequency-dependent susceptibility χ ω σ ,σ is
where φ σ ,σ (t − s) is called the response function, which can be written in terms of two-time correlation functions,
with ρ = U(t)ρ 0 U † (t), ρ 0 being the initial state of the system and U(t) the perturbation-free time-evolution operator [20] . Note that for thermal states or energy eigenstates, we have ρ = ρ 0 . According to our proposed method, and assuming for the sake of simplicity ρ = |Φ Φ|, the measurement of the commutator in Eq. , and U 1 c = e −i|g g|⊗σ k i Ωτ , for Ωτ = π/2. After such a gate sequence, the expected value in Eq. (13) corresponds to −1/2 Φ|σ y |Φ . In the same way, second-order corrections to the linear response of Eq. (11) can be calculated through the computation of three-time correlation functions of the form σ k i (t 2 )σ l j (t 1 )σ l j (0) . In this case, one should perform the evolution |Φ → The same techniques can be used to study the effect of external perturbations onto the motional degrees of freedom of the involved particles.
For example, the time correlation (a i + a † i ) (t−s) σ l j , where (a i + a † i ) (t−s) = e ī h H(t−s) (a i + a † i )e , will enter in the magnetic susceptibility χ ω a+a † ,σ through the response function φ a+a † ,σ (t − s). The latter can be written as in Eq. (13) but replacing the operator σ k i (t − s) by (a i + a † i ) (t−s) . The linear response of the system is now
